Abstract: This paper studies delayed synchronization of continuous-time multi-agent systems (MAS) in the presence of unknown nonuniform communication delays. A delay-free transformation is developed based on a communication network which is a directed spanning tree, which can transform the original MAS to a new one without delays. By using this transformation, we design a static protocol for full-state coupling and a dynamic protocol for delayed state synchronization for homogeneous MAS via full-and partial-state coupling. Meanwhile, the delayed output synchronization is also studied for heterogeneous MAS, which is achieved by using a low-gain and output regulation based dynamic protocol design via the delay-free transformation.
Introduction
The problem of synchronization among agents in a multiagent system has received substantial attention in recent years, because of its potential applications in cooperative control of autonomous vehicles, distributed sensor network, swarming and flocking and others. The objective of synchronization is to secure an asymptotic agreement on a common state or output trajectory through decentralized control protocols (see [1, 7, 9, 11, 13, 17, 22] and references therein). Recently synchronization in a network with time delay has attracted a great deal of interest. As clarified in [3] , we can identify two kinds of delay. Firstly there is communication delay, which results from limitations on the communication between agents. Secondly we have input delay, which is due to computational limitations of an individual agent. Many works have focused on dealing with input delay (see e.g. [10, 12, 16, 18, 20, 21, 24, 25] ), but communication delay is much less understood at this moment. In the case of communication delay, only for a constant synchronization trajectory do we preserve the diffusive nature of the network. This diffusive nature is an intrinsic part of the currently available design techniques and hence only this case has been studied. Some works in this area can be seen in [2, 8, 19, 20] . References [4] and [5] solved the synchronization problem for nonlinear heterogeneous MAS with unknown nonuniform constant communication delays. Some other results for non-uniform communication delays can also be found in [8, 14, 15, 19, 23] . On the other hand, the concept of delayed synchronization was introduced in [4] and [5] . Compared with general synchronization problem, delayed synchronization allows a fixed signal lag from parents node to their son node when constant communication delay is considered. It means that there exists a fixed distance (or some other physical quantities) between two agents to keep moving. But, due to the restriction of strongly connected network, the synchronized trajectory must converse to a constant. In this paper, we study delayed synchronization problems of MAS in the presence of unknown communication delays. The communication network is assumed to be a directed spanning tree (i.e., it has one root node and the other nonroot nodes have indegree one). The contribution of this paper is threefold:
• A delay-free transformation is established to remove the effect from unknown communication delays, and obtain a transformed MAS without communication delays.
• We develop the delayed state synchronization results of homogeneous MAS based on the delay-free transformation, and obtain a dynamic synchronized trajectory. Static and dynamic protocol designs are provided for both full-and partial-state coupling cases respectively.
• We also develop the delayed output synchronization results of heterogeneous MAS. A low-gain and output regulation based dynamic protocol design is provided via the delay-free transformation.
We will see that, compared to earlier work, our approach is limited to a graph which is a directed spanning tree. However, the intrinsic advantage is that the synchronized trajectory is not limited to a constant but will follow the trajectory of the root agent. 
A directed tree is a subgraph (subset of nodes and edges) in which every node has exactly one parent node except for one node, called the root, which has no parent node. In this case, the root has a directed path to every other node in the tree. A directed spanning tree is a subgraph which is a directed tree containing all the nodes of the original graph. An agent is called a root agent if it is the root of some directed spanning tree of the associated graph. Let Π G denote the set of all root agents for a graph. For a weighted graph G, a matrix
is called the Laplacian matrix associated with the graph G.
In the case where G has non-negative weights, L has all its eigenvalues in the closed right half plane and at least one eigenvalue at zero associated with right eigenvector 1.
Problem formulation
We will study a MAS consisting of N identical agents:
where x i (t) ∈ R n , u i (t) ∈ R m and y i (t) ∈ R p are the state, input and the output, respectively, of agent i for i = 1, . . . , N.
Assumption 1 We assume that
• (A, B, C) is stabilizable and detectable.
• All eigenvalues of A are in the closed left half complex plane.
The communication network provides agent i with the following information,
where a ij 0 and a ii = 0. This communication topology of the network can be described by a weighted graph G with weighting matrix A = [a ij ]. We can obtain the associated Laplacian matrix L via (1). Here τ ij ∈ R + represents an unknown constant communication delays from agent j to agent i. This communication delay implies that it takes τ ij seconds for agent j to transfer its state information to agent i. Furthermore, we assume Agent 1 is root of graph in this paper. 
Definition 1

Remark 1 Note that any graph which is a directed spanning tree will have a lower triangular Laplacian matrix after a possible reordering of the agents.
For the graph defined by Definition 1, we know the Laplacian matrix L is lower triangular with the first row identical to zero. Therefore, we have
Since the graph is equal to a directed spanning tree, there are in every row (except the first one) exactly two elements unequal to 0. Our goal is to achieve delayed state synchronization among agents in a MAS, that is
for all i, j ∈ {1, . . . , N }. For the MAS (2), we formulate delayed state synchronization problems as follows. 
Problem 1 Consider a MAS described by agents (2) and
for each agent such that (4) is satisfied for all i, j ∈ {1, . . . , N }, for any directed graph G ∈ G N β and for any communication delay τ ij ∈ R + . 
Problem 2 Consider a MAS described by agents (2) and (3) associated with a directed graph
for each agent such that (4) is satisfied for all i, j ∈ {1, . . . , N }, for any directed graph G ∈ G N β and for any communication delay τ ij ∈ R + .
Delayed state synchronization for homogeneous MAS with communication delays
In this section, we will give delayed state synchronization results based on algebraic Riccati equation for full-and partial-state coupling.
Full-state coupling
Firstly, we consider full-state coupling (i.e., C = I). We definex i (t) = x i (t +τ i,1 ) whereτ i,1 denotes the sum of delays from agent i to the root (agent 1) based on its path, and τ ij =τ i,1 −τ j,1 . Then, we havẽ
andũ i (t) = u i (t +τ i,1 ). Especially, we haveτ 1,1 = 0, i.e., x 1 (t) = x 1 (t) andũ 1 (t) = 0 (sinceζ 1 (t) = ζ 1 (t) = 0). Thus, (2), (3) and (5) yield:
Thus, our synchronization objective can be expressed as
We definex
We have
This is referred to as our delay-free transformation. Further, let η 1 (t) =x 1 (t), and η i (t) =x i (t) −x 1 (t) with i = 2, . . . , N,
. . .
for some suitable defined matrix T. Thus, based on the above transformation T, we obtain new expression of (9),
where
where L Q is a positive-definite lower triangular matrix. Obviously, due to the structure of L Q , the synchronization of (9) is equivalent to the asymptotic stability of the following N − 1 subsystems,
If (12) is globally asymptotically stable for i = 2, . . . , N, we see from the above that η i (t) → 0 for i = 2, . . . , N. This implies thatx
Note that the first column of T −1 is equal to the vector 1 and thereforex
This implies that we achieve state synchronization. Conversely, suppose that the network (12) reaches state synchronization. In this case, we shall havẽ
for all initial conditions. Then η(t) − (T1) ⊗x 1 (t) → 0. Since 1 is the first column of T, we have
Therefore, η(t) − (T1) ⊗x 1 (t) → 0 implies that η 1 (t) − x 1 (t) → 0 and η i (t) → 0 for i = 2, . . . , N for all initial conditions. Thus, we obtain the following lemma.
Lemma 1 The MAS (9) achieves state synchronization if and only if the system (12) is globally asymptotically stable for i = 2, 3, . . . , N. The synchronized trajectory converses to the trajectory of the root agent.
We let w = 1 0 · · · 0
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be the normalized left eigenvector associated with the zero eigenvalue of L. Then, from Lemma 1, we have
In other words, η 1 (0) is the initial condition of the root agent. Therefore, the synchronized trajectory given by (13) yields that the synchronized trajectory is given by
which is the trajectory of the root agent and delay-free. Therefore, the root agent is sometimes referred to as the leader.
Protocol design: For full-state coupling, we design a parameterized static protocol of the form:
where P > 0 is the unique solution of the continuous-time algebraic Riccati equation,
with Q > 0, and ρ 1 2β with ii β > 0. Using an algebraic Riccati equation we can design a suitable protocol provided (A, B) is stabilizable. The synchronization based on protocol (15) is as follows. (A, B) is stabilizable, then the state synchronization problem stated in Problem 1 with G = G N β is solvable. In particular, the protocol (15) solves the state synchronization problem for any graph G ∈ G N β and τ ij ∈ R + . Moreover, the synchronized trajectory is given by (14) .
Theorem 1 Consider a MAS described by (2) and (3). Let any β > 0 be given, and consider the set of network graphs
Proof: Due to space limitation we have omitted this proof. The proof is available in the extended version at http://arxiv.org/abs/1903.05794.
Partial-state coupling
In the following, we give the transformation for partial state coupling. Similar to the case of full-state coupling, we have the following expression for (2) and (3) by using our delay-free transformation,
The MAS described by (2) and (3) after implementing the dynamic protocol (6) is described by
for i = 1, . . . , N, wherē
Then, the overall dynamics of the N agents can be written as
So, this is the delay-free system obtained after our transformation for MAS with unknown communication delays via partial state coupling. The synchronization of (19) is equivalent to the asymptotic stability of the following N − 1 subsystems,
Similar to Lemma 1, we obtain the following lemma for partial state coupling. (20) is globally asymptotically stable for i = 2, 3, . . . , N. The synchronized trajectory converges to the trajectory of the root agent of (19) .
Lemma 2 The MAS (19) achieves state synchronization if and only if the system
Meanwhile, we have
Therefore, the synchronized trajectory given by (21) yields that the synchronized trajectory is given by
Protocol design: For partial-state coupling, we design a parameterized dynamic protocol of the form:
where K is a matrix such that A+KC is Hurwitz stable, P δ > 0 is the unique solution of the continuous-time algebraic Riccati equation,
with ii β > 0.
Theorem 2 Consider a MAS described by (2) and (3).
Let any α > β > 0 be given, and consider the set of network graphs G N α,β with α ii β. If (A, B) is stabilizable and (A, C) is observable, then the state synchronization problem stated in Problem 2 with G = G N α,β is solvable. In particular, there exists a δ * > 0 such that for any δ ∈ (0, δ * ], the dynamic protocol (23) solves the state synchronization problem for any graph G ∈ G N α,β and τ ij ∈ R + . Moreover, the synchronized trajectory is given by (22) .
Delayed output synchronization for heterogeneous MAS with communication delays
In this section, we consider the following heterogeneous MAS,
where x i (t) ∈ R n i , u i (t) ∈ R m i and y i (t) ∈ R p are the state, input and the output, respectively, of agent i for i = 1, . . . , N. Meanwhile, the communication network provides agent i with form of (3) including time delay τ ij . Similarly, we can obtain a delay-free transformation for (25) by letting
. Meanwhile, MAS (25) satisfies the following assumption.
Assumption 2 We assume that
• (A i , B i , C i ) is stabilizable and detectable.
• All eigenvalues of A i are in the closed left half complex plane.
•
• (A i , B i , C i , 0) has no invariant zeros in the closed righthalf complex plane that coincide with the eigenvalues of A 1 (the system matrix of the root agent).
Thus, we can transform (2), (3) and (5) as
Given the model (26) and graph which is a directed spanning tree, all earlier approaches can also be applied to a heterogeneous MAS. Here we will give design scheme to obtain the delayed state synchronization results based on [6] . Since the graph is equal to a directed spanning tree, it only has a single root which is Agent 1. Moreover, u 1 = 0. In this section, our goal is achieve delayed output synchronization
For the heterogeneous MAS (25), we formulate delayed output synchronization problem as follows. (25) and (3) associated with a directed graph G ∈ G N β is equal to a spanning tree where G N β is defined in Definition 1. The delayed output synchronization problem given the set of graph G N β in the presence of unknown, nonuniform, arbitrarily large communication delays is to find a distributed dynamic protocol of the type (6), for each agent such that (27) is satisfied for all i ∈ {1, . . . , N }, for any directed graph G ∈ G N β and for any communication delay τ ij ∈ R + . Then, we let e i (t) =ỹ i (t) −ỹ 1 (t), and (26) can be rewritten as
Problem 3 Consider a MAS described by agents
Then, let O i be the observability matrix,
Let q i denote the dimension of the null space of O i , and
Because (A i , C i ) is observable, Λ u i and Φ u i have full column rank. Next, we define Λ c i and
Thus, we define a new statex i (t) ∈ R n i +k i as
, where
Based on this new state variablex i (t), we can transform (28) as
Further, we define φ i (t) = Ξ ixi (t) with
wheren n i + n 1 . Note that Ξ i is not necessarily a square matrix; however, due to observability of (Ā i ,C i ), Ξ i is injective, which implies that Ξ T i Ξ i is nonsingular. Meanwhile, we obtain a new expression of (29),
Thus, we will design a dynamic protocol of the form H ε = diag(I p ε −1 , I p ε −2 , . . . , I p ε −n ) ∈ R pn×pn , Q ε > 0 is the unique solution of the following algebraic Riccati equation
33) with 0 < β ii for i = 2, . . . N,
K ∈ R p×pn is chosen matrix. And (A o + K ε , C o ) is always observable. Meanwhile, Q ε → 0 when ε → 0. By designing the dynamic protocol (31), the following theorem can be obtained. (25) 
Theorem 3 Consider a MAS described by agents
